Abstract. We develop sufficient analytic conditions for conservativeness of non-sectorial perturbations of symmetric Dirichlet forms which can be represented through a carré du champ on a locally compact separable metric space. These form an important subclass of generalized Dirichlet forms which were introduced in [21] . In case there exists an associated strong Feller process, the analytic conditions imply conservativeness, i.e. non-explosion of the associated process in the classical probabilistic sense. As an application of our general results on locally compact separable metric state spaces, we consider a generalized Dirichlet form given on a closed or open subset of R d which is given as a divergence free first order perturbation of a symmetric energy form. Then using volume growth conditions of the carré du champ and the non-sectorial first order part, we derive an explicit criterion for conservativeness. We present several concrete examples which relate our results to previous ones obtained by different authors. In particular, we show that conservativeness can hold for a large variance if the anti-symmetric part of the drift is strong enough to compensate it. This work continues our previous work on transience and recurrence of generalized Dirichlet forms.
Introduction
Conservativeness criteria for C 0 -semigroups of contractions, non-explosion criteria for Markov processes and related problems are important topics both in analysis and probability theory. These were hence studied by many authors under various aspects (see for instance [2, 4, 7, 8, 11, 15, 18, 20, 21, 23, 24, 25] and references therein). Here, we take an analytic point of view which fits to the frame of possibly unbounded and discontinuous coefficients. The method that we use is a refinement of the method developed by Gaffney [4] and also Davies [2] and recently localized by Oshima and Uemura [15] . In [15] a unified method to obtain the conservativeness of a class of Markov processes associated with lower bounded semi-Dirichlet forms, including symmetric diffusion processes, some non-symmetric diffusion processes and jump type Markov processes is presented. We consider a similar unified approach but our interest focuses more on applications to general elliptic diffusions. Consequently, our localization procedure of the Davies method is more adapted to the elliptic diffusion case and quite different from the one in [15] . The main purpose of this paper is to develop conservativeness criteria for (Markov processes M or for C 0 -semigroups of contractions corresponding to) a generalized Dirichlet form which can be expressed as a linear perturbation of a Dirichlet form which can be represented by a carré du champ. Let us briefly explain our technical and conceptional frame. We consider a locally compact separable metric space E, a locally finite (i.e. finite on compacts) positive measure µ with full support on E and a generalized Dirichlet form E that can be decomposed as
where ∫ E Γ(u, v)dµ is a symmetric Dirichlet form on L (12) ) and to obtain a suitable exhaustive sequence for the state space (see (8) ). In Remark 5 we explain why any symmetric strongly local and regular Dirichlet form satisfying [20, 
Assumption (A)] satisfies (H1)-(H3).
Since the semigroups that we consider are in general not analytic, we have to impose the denseness condition (H4), where the set D 0 that occurs in (H4) is given as in (10) . Remark 6 explains more on D 0 , (H4) and condition (A) that is just used as an auxiliary assumption to perform further calculations (see the sentence right before condition (A)). In Lemma 4, we include for the reader's convenience a proof to the fact that the conservativeness of the semigroup (T t ) t>0 on L ∞ (E, µ) (obtained from the L
2
(E, µ)-semigroup associated to E) is equivalent to the (T t ) t>0 -invariance on L 1 (E, µ). In Lemma 7 we derive similarly to [15] an equivalent criterion for the (T t ) t>0 -invariance in localized form. In order to estimate the limit in Lemma 7 by the Davies method, we use the functions ψ n defined in (13) via the function φ defined right before display (13) and then define the "Davies semigroup" in (14) . Then in a series of calculations, starting from (15) , and using the key inequality (19) which only holds for divergence free perturbations, i.e. because of (6), we obtain our main Theorem 9 and its Corollary 10. Theorem 9 and Corollary 10 form the core of our paper and will be used to obtain explicit conservativeness criteria in the symmetric, non-symmetric and non-sectorial case. The organization of the following sections 3 and 4 are then as follows. In section 3, we consider applications of our core results to the symmetric case. Here our results are comparable to [15] (see Example 12 and Remark 13) and we recover a result of [20] (see Remark 13 and also [7] and [24] and references therein) by applying our main Proposition 11. In subsection 3.2, we consider sectorial perturbations of symmetric Dirichlet forms. Using Corollary 10(iii) we are able to reconfirm and hence shorten the proof of a result on conservativeness from [17, Lemma 5.4] in subsection 3.2.1. In subsection 3.3, we show that Theorem 9 (resp. Corollary 10) is also applicable to non-symmetric Dirichlet forms with non-symmetric diffusion matrix. The key observation is that the anti-symmetric part of the diffusion matrix becomes a µ-divergence free vector field after integration by parts. The sufficient criteria (37) and (38) for conservativeness extend the result of [25] in the sense that we can now consider invariant measures µ = ϕ 2 dx where ϕ ≢ 1. We also show that we can recover the result of [25] to some extend in case ϕ ≡ 1 in subsection 3.3.1 (cf. Remark 14) . In section 4, we consider non-sectorial perturbations of symmetric Dirichlet forms on Euclidean space as introduced in [6] . For the convenience of the reader, we explain in concise form the construction of the underlying generalized Dirichlet form from [6] , how the constructed generalized Dirichlet fits into the frame of section 2, as well as some of its main properties. Subsequently, we apply the conservativeness criterion of section 2 to formulate Corollary 15 and to obtain two different explicit examples. Examples 4.2.1 and 4.2.2 show that conservativeness can hold for a large variance if the anti-symmetric part of the drift is strong enough to compensate it. Moreover, Example 4.2.2 indicates that our conservativeness criteria in dimension one can be in some situations sharper than the ones of [20] , but not as sharp as the Feller test is (cf. Remark 16). Let us finally explain our main motivation for this work. Conservativeness criteria lead to uniqueness results both at analytic and probabilistic level. Let us discuss both of these. The nonsymmetry assumption (or even the lack of sector condition) is here of particular importance, since it leads to a wider class of semigroups and stochastic processes to which the conservativeness criteria can be applied than the restrictive assumption of symmetry. It is pointed out in [21] that the (T t ) t>0 -invariance of the underlying measure µ is related to the L 1 -uniqueness of the corresponding infinitesimal generator and can be applied to obtain existence of a unique invariant measure. On the other hand (T t ) t>0 -invariance is equivalent to the conservativeness of the dual semigroup (T t ) t>0 (cf. Lemma 4). Thus conservativeness criteria can be used to obtain L 1 -uniqueness and existence of unique invariant measures for Markov semigroups. The second important application of the conservativeness criteria that we study is the relation to new non-explosion results for solutions to singular SDE which were constructed probabilistically up to an explosion time in [9] and [28] . There it is shown that certain SDE in R d with merely L p -integrability conditions on the dispersion and drift coefficients have pathwise unique and strong solutions up to their explosion times, i.e. the random times at which they leave R d . Thus, if we can construct weak solutions to these SDE via (generalized or non-symmetric) Dirichlet form theory, then the analytic conservativeness criteria lead to new non-explosion results for these SDE. We refer the interested reader to the articles [17] , [19] where this kind of application has been studied and to subsection 3.2.1 where the results of this article are applied to obtain a considerably shorter proof for conservativeness than in [17, Lemma 5.4] . For further related work in the context of applications that we are interested in, we refer to the recent work [27] where non-explosion and existence and uniqueness of invariant measures is investigated.
Framework and a general criterion for conservativeness of a generalized Dirichlet form
Let (E, d) be a locally compact separable metric space and let µ be a locally finite (i.e. finite on compacts) positive measure on its Borel σ-algebra B(E). We assume that µ has full support. The closure of A ⊂ E will be denoted by A and A c ∶= E ∖ A stands for the complement of A
be the space of equivalence classes of p-integrable functions with respect to µ and L ∞ (E, µ) be the space of µ-essentially bounded functions. We denote the corresponding norms by ⋅ L p (E,µ) , p ∈ [1, ∞] and to make notations easier, we do not distinguish at times between equivalence class and representative. The inner product of the Hilbert space L
2
(E, µ) will be denoted by ( , ). The support of a function u on E (=support of u dµ) is denoted by supp(u). For any set of functions W on E, we will denote by W 0 the set of functions u ∈ W which have a compact support in E and by W b the set of functions in W which are bounded µ-a.e. and let W loc be the set of measurable functions u such that for any relatively compact open set V , there exists v ∈ W with u = v µ-a.e. on V . Let W 0,b ∶= W 0 ∩ W b and define W loc,b by the set of bounded measurable functions u such that u ∈ W loc . Let C 0 (E) be the set of continuous functions u such that supp(u) is a compact in E and C b (E) be the set of bounded continuous functions. We say that a statement holds for n ≫ 1, if there exists some N ∈ N such that the statement holds for any n ≥ N . Let (A, V) be a Dirichlet form (not necessarily symmetric) on L
(E, µ) in the sense of [10, I. Definition 4.5]. So V is a real Hilbert space with respect to the norm u
which is a generator of a sub-Markovian C 0 -semigroup of con-
(E, µ) that can be restricted to a C 0 -semigroup on V. Then the conditions (D1) and (D2) in [22, Chapter I] 
ThenF is a real Hilbert space with corresponding norm
Let the form E be given by (E, µ) be associated with E, i.e. (G α ) α>0 is the sub-Markovian
where E α (u, v) ∶= E(u, v)+α(u, v) for α > 0 and (Ĝ α ) α>0 is the adjoint C 0 -resolvent of contractions of (G α ) α>0 (see [22, I . Proposition 3.6]).
REMARK 1 In contrast to the cases of symmetric or non-symmetric Dirichlet forms (which is covered for Λ ≡ 0 with F = V =F) it is not known whether for generalized Dirichlet forms regularity or quasi-regularity alone implies the existence of an associated process (cf. [3, Chapter 7] and [10, IV.Theorem 3.5]). In addition to the quasi-regularity the structural assumption D3 is made in [22, IV. 2] in order to derive the existence of an m-tight special standard process 
. Let (T t ) t>0 and (T t ) t>0 be the C 0 -semigroups of contractions corresponding to
. This extension will also be denoted by
is not necessarily sub-Markovian, however from (H1) on (see below), the sub-Markovianity follows and is hence assumed to hold. Now we shall define the conservativeness of
In fact, for f ∈ L ∞ (E, µ) with f ≥ 0 µ-a.e., we may set
as n → ∞. Since (T t ) t>0 is positivity preserving, the limit is well-defined µ-a.e. and is independent of the choice of approximating
DEFINITION 2 (T t ) t>0 is said to be conservative if
for some (and hence any) t > 0.
REMARK 3 Note that if there exists a process associated with the generalized Dirichlet form E, as pointed out in Remark 1, then the conservativeness of (T t ) t>0 implies that the process is non-explosive, i.e. P x (ζ = ∞) = 1 for µ-a.e. (actually even E-quasi-every) x ∈ E. Clearly (since µ is assumed to have full support), if the transition function P t f (x) ∶= E x [f (X t )] (here E x denotes the expectation w.r.t. P x ) is strong Feller, i.e. x ↦ P t f (x) is continuous in x ∈ E for any t > 0 and any bounded Borel measurable function on E, then it even holds P x (ζ = ∞) = 1 for every x ∈ E. The latter is for instance the case for the Dirichlet form in Example 3.2.1, cf.
[17, Proposition 2.9(ii) and Section 5] .
only if for some (and hence any) t > 0
i.e. µ is (T t ) t>0 -invariant.
Proof Since the first statement is obvious, we only show that if (3) (hence equivalently (2)) holds for some t > 0, then it holds for all t > 0. Assume hence that
for any 0 < s < t. Let 0 < s < t and suppose that we do not have
Then there exists a measurable set A with 0 < µ(A) < ∞ such that
which leads to the contradiction. ◻ Fix t > 0. From now on until the end of section 2, we assume:
Next, we aim to give a general criterion for conservativeness in case the generalized Dirichlet form can be represented locally by a linear perturbation of a symmetric strongly local regular Dirichlet form. By the latter, we mean that there exist a symmetric strongly local regular Dirichlet form
where Γ is a positive semidefinite symmetric bilinear form on
Here the term strongly local means that E 0 (u, v) = 0 whenever u is a constant on a neighborhood of supp(v).
The linear operator (N, D(N )) needs not to be a generator of a
.
, are strongly local and satisfy the Leibniz and the chain rules. In particular, µ ⟨u⟩ can be extended to u ∈ D(E 0 ) loc and Γ(u, v) satisfies the Leibniz and Chain rules (see [3] and [20] ).
We assume from now on until the end of section 2 that (H3) there exists a non-negative continuous function ρ on E with
is a relatively compact open set in E and ∪ r>0 E r = E. Furthermore, there exists a compact 
as n → ∞. Moreover, as explained before (E, F) can be represented by a carré du champ.
which implies that (4) holds. Putting N ≡ 0 implies that (H2) holds. Moreover, if the topology induced by the intrinsic metric d int defined by By assumption (H3),
are relatively compact open subsets of E with ⋃ n≥1 V n = E. From now on fix (V n ) n≥1 as in (8) and note that (H1) and (H2) hold for this choice of (V n ) n≥1 . For a function f which has compact support, define
where K is an arbitrary but fixed compact subset of E containing K 0 as in (H3). Let
In order to perform comfortably our calculations up to the formulation and proof of Theorem 9 below, we do need the following auxiliary assumption
REMARK 6 Assumption (A) will be replaced by the stronger (H4) occurring right after the proof of Theorem 9 below. Note that if (T
. Thus (A) and (H4) below trivially hold. In the non-sectorial (i.e. nonanalytic) case, we can impose the reasonable assumption that the coefficients of the generators of (T n t ) t>0 , n ≥ 1, are p-fold integrable with respect to the measure µ, where p is as in (H1). Then C ∞ 0 (E) ⊂ D 0 for instance in the case where E ∶= R d and there are no boundary conditions (cf. 4.2.1 and 4.2.2). In particular, (H4) below is then also automatically satisfied. Similarly, one can easily obtain nice dense subsets of D 0 in case of boundary conditions provided the coefficients are not too singular. To keep this exposition reasonably sized and because of the similarity to the case without boundary conditions, we did not include an example. 
for any f ∈ D and some (and hence all) t > 0.
Proof Let f ∈ D and (χ n ) n≥1 be as in the statement. Then by (H1)
for any f ∈ D and the assertion follows by Lemma 4.
◻
Now we are looking for a more explicit criterion for conservativeness of (T t ) t>0 .
From now on unless otherwise stated let us fix f as in (A). Let for n ≥ 1,
and
be increasing and such that φ(0) = 0 and φ(r) ↗ +∞ as r ↗ +∞.
Then define for each n ≥ 1,
Note that
The latter can be seen with the help of [20, p. 190 vi) ]. Now we will use the method of Davies, Oshima and Uemura. Let
).
ThenT
ψnT n s f for any n ≥ 1 because ψ n ≡ 0 on E k f for any n ≥ 1. For t > 0, let
Let n ≥ k f . By Leibniz and chain rules for Γ and N , (4), (5), (6) and Fubini, we obtain that
where a n ∶= ess sup
and b n ∶= ess sup
Since Γ is positive semidefinite and φ is increasing, a n and b n are nonnegative and well-defined by (H3) and (9) . Now, we are going to find the following estimates in (15)
where c n (f ) ∶= ess sup
Note that c n (f ) is well-defined by (H3) and (9) and depends on f since the essential supremum is taken over E 4n ∖ E k f . Since N satisfies (6) and (7), we obtain the following lemma which is the key lemma of this section.
where c ∶= ess sup (6) and (7) and Γ satisfies the Leibniz rule,
Replacing u byT ψn s f , s > 0 and ψ by ψ n in (19), we obtain
By Fubini and Jensen,
Next, using (19) again we obtain
Thus, we get by (20)
Consequently, using the estimates (20) and (21) in (15), we get
where a n and b n are defined as in (16), (17) respectively. Note thatÂ n (φ) depends on the choice of φ but does not depend on f . Lemma 7 now leads to the following theorem.
THEOREM 9
(i) Let f be as in (A) and suppose that there exists a continuously differentiable function φ ∶ R + → R + with φ(0) = 0 and φ(r) ↗ +∞ as r ↗ +∞, such that for some constant
whereÂ n (φ) is defined as in (23) . Then
(ii) Assume that (24) holds for at least one triple (f, φ, T ) as in (i). Then (24) holds for the triple (g, φ, T ), for any g ∈ D 0 (see (10) for the definition of D 0 ). In particular, if
Proof (i) is a direct consequence of (11), (22) and (24) . We now prove (ii). Let (f, φ, T ) be as in (i) and g ∈ D 0 . It suffices to show that
where c n (g) = ess sup
and (9) . Thus (24) holding for the triple (f, φ, T ) again implies (24) for the triple (g, φ, T ). If additionally D 0 is dense, then (T t ) t>0 is conservative by Lemma 7. ◻
We formulate the condition of Theorem 9(ii) as
It is clear that (H4) implies (A). Now, we use Theorem 9 to develop the following explicit sufficient conditions for conservativeness of (T t ) t>0 .
COROLLARY 10 Assume that (H1)-(H4) hold.
(i) Suppose there are constants M, C > 0, 0 < α < 1 and 0 ≤ β < 2, such that
µ-a.e. outside some arbitrary compact subset K of E with K ⊃ K 0 and
for n ≫ 1, where φ(r) = C(log(r + 1)) 2−β . Then (T t ) t>0 is conservative.
(ii) Suppose there are constants M, C > 0 and 0 < α < 1, such that
for n ≫ 1, where φ(r) = C log(log(r + 1) + 1). Then (T t ) t>0 is conservative.
(iii) Suppose that there are constants M, C > 0 and 0 < α < 2 such that
for
2−β .
Since 0 ≤ β < 2, φ(r) is increasing in r > 0 and
By (H4), we can choose g ∈ D 0 with supp(g) ≠ ∅. By definition of k g , we know
Hence by (25) , we obtain that c n (g) ≤ ess sup
where M ′ > 0 is some constant depending only on M, C and β. Subsequently, for n ≥ k ĝ
Let T ∶=
Then the right hand side of the above inequality tends to 0 as n → ∞ and so (24) of Theorem 9(i) holds for the triple (g, φ, T ). Using (H4), Theorem 9(ii) applies, i.e. (T t ) t>0 is conservative.
(ii) Let β = 2. Putting φ(r) ∶= C log(log(r + 1) + 1),
we can proceed as in (i) to show that (T t ) t>0 is conservative.
and so e
Applying Theorem 9(ii), we obtain that (T t ) t>0 is conservative. ◻
Applications to symmetric and non-symmetric Dirichlet forms
In the fist subsection, we apply Theorem 9 to symmetric Dirichlet forms. The results turn out to be comparable with the results of [15, Section 3.1] (cf. Example 12 and Remark 13 below).
Symmetric Dirichlet forms
Let (E, F) be a symmetric strongly local regular Dirichlet form on L 2 (E, µ) expressed as
Let us fix an arbitrary x 0 ∈ E and denote d(x, x 0 ) by d(x) for simplicity. Assume (27) and that
Assume further that there exists a compact subset K 0 of E such that
As we have seen in Remark 5, (H1) and (H2) hold with p = 2 and N ≡ 0. Furthermore, putting ρ(x) = d(x), (H3) also holds by (27) , (28) 
and (29). Since the semigroups (T
Thus we can use Theorem 9 to determine conservativeness of the symmetric Dirichlet form (E, F). More precisely, we have:
(i) Assume there are constants M, N > 0 and 0 ≤ β ≤ 2, such that
for n ≫ 1. Then (T t ) t>0 is conservative.
(ii) Assume there are constants M, N > 0 such that
Proof (i) Let 0 ≤ β < 2 and define for r > 0,
where C > 0 will be chosen later. Then, φ(r) is increasing in r > 0 and
Choose g ∈ D 0 with supp(g) ≠ ∅. For n ≥ k g , we have by (30) a n = ess sup
and c n (g) ≤ ess sup
Subsequently,
Let C ∶= 3N and T ∶= 1 9M N (2−β) 2 > 0, then we obtain
Consequently, by the same arguments in Corollary 10, (T t ) t>0 is conservative when 0 ≤ β < 2. Let β = 2. Define φ(r) ∶= 3N log(log(r + 1) + 1).
Then by similar calculations, we can choose T > 0 such that (31) holds.
(ii) Choosing φ(r) ∶= 3N r 2 the proof is similar to the one of (i). ◻
Assume that for any compact set K, there exists a constant ν K > 0 such that Applying these assumptions to our situation implies a n ≤ 1 for any n ≥ 1. Hence (26), (27), (28) and (29) are satisfied and thus by Proposition 11(ii), (T t ) t>0 is conservative if there exists a constant
Sectorial perturbations of symmetric Dirichlet forms
In this subsection, we apply Theorem 9 to non-symmetric Dirichlet forms which are divergence free perturbations of symmetric Dirichlet forms on
for all ξ ∈ R d , µ-a.e. x ∈ K. We assume that the symmetric bilinear form
) is a symmetric strongly local regular Dirichlet form. We further assume that
) and there exists a constant C > 0 which is independent of f and g such that
Consider the non-symmetric bilinear form 
and the associated semigroups of (Ê n , F n ) by (T n t ) t>0 and the associated linear operators by
Putting D(N ) = F loc,b and N v = ⟨B, ∇v⟩ imply that (4) and (H2) hold. Choose ρ(x) ∶= x . Then in the same way as in Example 12, we find that ρ ∈ F loc and by the assumptions on A and B, we obtain ⟨A∇ρ, ∇ρ⟩, ⟨B, ∇ρ⟩ ∈ L 
Example
Consider the non-symmetric Dirichlet form introduced in [17, Section 5] . There ϕ is a Muckenhoupt
where 
In this situation, Γ(ρ, ρ) = 1 and
Furthermore, since ϕ ∈ A β , we get by [26, Proposition 1.2.7] that there exists a constant N > 0 such that
Thus, for φ(r) ∶= r 2 2 we obtain (cf. (23)) for n ≫ 1
Consequently, (T t ) t>0 is conservative by Corollary 10(iii) and we recover the result of [17, Lemma 5.4].
Sectorial perturbations of sectorial Dirichlet forms
In this subsection, we show that Theorem 9 is also applicable to non-symmetric Dirichlet forms with non-symmetric diffusion matrix. The key observation is that the anti-symmetric part of the diffusion matrix becomes a µ-divergence free vector field after integration by parts.
Assume further that there exists a constant C > 0 such that
, we obtain by integration by parts
where
Moreover, by (36) and since EǍ satisfies the strong sector condition, there is a constant C > 0 such that
for some constant C > 0. It follows that B and β satisfy the same assumptions and that
) are identical and define the same Dirichlet form. We now assume that
Putting D(N ) = F loc,b and N v = ⟨β, ∇v⟩ imply that (4) and (H2) hold with (E 0 , D(E 0 )) = (EÃ, F). Let ρ(x) ∶= x then ρ ∈ F loc as in Example 12. We further obtain by the assumptions onÃ and β, that ⟨Ã∇ρ, ∇ρ⟩, ⟨β, ∇ρ⟩ ∈ L ∞ loc (K c 0 , µ). Hence (H3) holds. Since (Ê n , F n ) satisfies the weak sector condition for each n ≥ 1, (T n t ) t>0 are analytic, i.e. (H4) holds. Consequently, by Corollary 10(i) with φ(r) ∶= C log(r + 1), ρ(x) = x , if there are constants M, C > 0, and 0 < α < 1 such that ⟨Ã(x)x, x⟩
dx-a.e. outside some compact subset K of R d with K ⊃ K 0 and
for n ≫ 1, then (T t ) t>0 is conservative.
Example
The sufficient criteria (37) and (38) for conservativeness extend the result of [25] in the sense that we can also consider invariant measures µ = ϕ 2 dx where ϕ ≢ 1. In this example, we show that we can also recover the result of [25] to some extend in case ϕ ≡ 1. Let d ≥ 3 and ϕ 2 ≡ 1, i.e. µ is the Lebesgue measure. Assume further that for
) and the closure (E A,B , F) satisfies the weak sector condition. Thus, we are able to apply (37) and (38) to (E A,B , F) in order to determine the conservativeness. For instance, if there exists a constant M 0 > 1 such that ⟨Ã(x)x, x⟩
µ-a.e. outside some compact subset
µ-a.e. on K c . Let φ(r) ∶= C log(r + 1) where the constant C > 0 will be chosen later. It follows from (39), (40) and (41) that
implies there are constants M, C > 0, and 0 < α < 1 such that (37) and (38) 
Non-sectorial applications on Euclidean space
In this section, we consider non-sectorial perturbations of symmetric Dirichlet forms on Euclidean space as introduced in [6] . For the convenience of the reader, we explain in concise form the construction of the underlying generalized Dirichlet form from [6] , how the constructed generalized Dirichlet fits into the frame of section 2, as well as some of its main properties. Subsequently, we apply the conservativeness criterion of section 2 to the concrete situation and present explicit examples.
The construction scheme
Let E ⊂ R d be either open or closed. If E is closed, we assume dx(∂E) = 0 where E is the disjoint union of its interior E 0 and its boundary ∂E. Let ϕ ∈ L 1 loc (E, dx) with ϕ > 0 dx-a.e. and dµ ∶= ϕdx. Then µ is a σ-finite measure on B(E) and has full support. Let C ∞ 0 (E) be the set of infinitely often differentiable functions with compact support in E if E is open and
e. x ∈ V . We assume that
The following construction from [6] works for any increasing sequence of relatively compact open sets (V n ) n≥1 in E such that V n ⊂ V n+1 , n ≥ 1, and ∪ n≥1 V n = E. Since we need to assume (H3) later and want to simplify notations we assume from now on that (B) there exists a non-negative continuous function ρ ∈ D(E 0 ) loc such that
Then (V n ) n≥1 is an increasing sequence of relatively compact open sets in E such that V n ⊂ V n+1 and 
using in particular the dual version of (43), we get
By [6] one can see
which we assume from now on. Let (L, D(L)) be the generator of (G α ) α>0 and (T t ) t>0 be the
Then, we obtain a generalized Dirichlet form E defined by
(E, µ) in the beginning of section 2.
Conservativeness
By construction (T t ) t>0 satisfiesT 
also implies (H4). Thus, under the assumptions (B) and (C), Corollary 10 applies with Γ(ρ, ρ) = ⟨A∇ρ, ∇ρ⟩, N (ρ) = ⟨B, ∇ρ⟩, ρ as in (B). This gives the following corollary. Recall that in the present situation
⟨A∇ρ, ∇ρ⟩ + ess sup
COROLLARY 15 Assume (B) and (C) and the basic assumptions on ϕ, A, B of subsection 4.1.
(i) Assume there are constants M, C > 0, 0 < α < 1 and 0 ≤ β < 2 such that ⟨A∇ρ, ∇ρ⟩ + (ρ + 1)⟨B, ∇ρ⟩
(ii) Assume there are constants M, C > 0 and 0 < α < 1
µ-a.e. outside some arbitrary compact subset K of E with K ⊃ K 0 and A n (φ) ≤ n log(n + 1) Cα , φ(r) = C log(log(r + 1) + 1)
(iii) Assume that there are constants M, C > 0 and 0 < α < 2 such that ⟨A∇ρ, ∇ρ⟩ + ⟨B, ∇ρ⟩ Cρ ≤ M µ-a.e. outside some arbitrary compact subset K of E with K ⊃ K 0 and
Then by the construction scheme of 4.1, we obtain a generalized Dirichlet form E given as an extension of
As we have seen in subsection 4.1, (H1) and (H2) hold with p = 1, and if x ≤ −1, then
Consequently,
where M > 0 is constant, i.e. C = 3, β = 1 and φ(r) ∶= 3 log(r + 1) in Corollary 15. Furthermore, for n ≫ 1,Â n (φ) ≤ N n 7 2 where N > 0 is some constant depending on T > 0. Now choose α ∶= 5 6 in Corollary 15 and obtain that (T t ) t>0 is conservative.
REMARK 16 Since the above example is an example for a diffusion in R, we are able to symmetrize E as done in [5, 3. However, by our results on the non-symmetric realization E ofẼ we obtain that (Ẽ, D(Ẽ)) is conservative.
